EXAMPLES 1 , 83,4

Typical "wmbinatorial™ arqument for
an dentity nVelving binomial coefpicients :
bl
N} . gn
:éo(k) = 2" [to be proved] @
Comtel procecd purely algebrnicatly [usmg

BINOMIAL THEOREM], bwt the aim ( to
waderirand the resutt |

"\ = ways of Selecting k people
k) * ?a u:«m(&«. 1] f‘mgu Qroup of N,

T (N = oyt of Selteting o
() leo( h) - *":f:“::“:n [°F ‘ms‘ fige —
including k=0 = no commitree ]
Note that we toutd choose o comwmithee
by towSidering each of the M peopie i turn
ond olecioling whether or not each is {u i+
2 posiibilities for each perton [independent
of ewy other persov]

=> Tofa) of Lx2x..x2 = 2" Weys

These are Jult Aifferent waug of calculeting
the Same thing, 5o (B is proved.

PHUS loyd1 = LECTUPE 3

STATISTICAL INDEPENDENCE

Expresses the (dea thot two events may hove
N Mfluence owv oue another,

Prototupe : Physically UNCONNECTED eveuts

GRAMPLE : A die {S rolied anmd & coin (S
flipped. Whet is the cuauce of gemng (6, H)?
Twe dic avdl coin are wncounected [in
difperent rooms?], fo tn N ¢rials we
otpeet about N/ to give 4 SIX, with H in
about half of these N6 ¢ases :

=> P(6,H) = P(6nR) = Tli = P(6)P(H),

[Mternative, o priovi, argument @ (6M)
it jusr one of 6%X2 =12 pofsible outcomes.
ASSuming Lomal probabitity for eoch

=> p(6nH)= Y]

GENERALLY: Eveuts A and B are faid
fo be ctokistically indepeveient (¢ [and

only ]
P(AnB) = P(A)P(B),




[ETATISTe At INOERENDENCE, CoNTINUED]

NOTE : Althoudh our "prefotype" fyitem
CONLIES o PhySically uncounteted ports,
ftatistical independence doetn’t REQUIRE
this {

ExAMPLE ¢ Roll o die. What is the probabitity
that resuit s ood [0 =31,3,5}] and
divicible by TRREE?2 [T = 13,61]

A prioei argument i owly 1 of the fix,
equally lkely outcomes it fovourable,
e OAT = I3}, so PlonT)=i/g.

But P(0) =3/ =1/2 owd P(T)=2/4 =3,
So PlonT) = PLOOPLT) here: the
eventst O and T ave STATIITICALLY

INDEPENDENT, yeb only ONE die is [nvelved,

TERMINOLOGY : Statistically (wdependent
evenfs are also Soid to be UNCORRELATED,

CONDITIONAL PRBABILITY

USeful When 'events' may depend upow

one another @ £.4,, wWhether or not av electrical
component it likely to be faulty may depeud

on Which manufacturer (b came §rom...

DEFINITION:
P(A given B) = P(A|B) = P(ANB) /p(p)

EXAMPLE [AND MoTIVATION] - A box cowntaius
N components, of which N(B) are from
Birmingham [and N(W) =N-N(B) from
Warnngton], A subset A of the componcuty
it fautty , So AnB are the faulty ones
frowm  B/hawm,

The probability of a Bhawm component
being faunlty (s
NCAAB) _ N(ANBY/N PCANB) .
N(8) NE)/N T Tee)
fo if we pitk a componevt at randoma
from the box owd discover that iP's paw
B7hom, its chance of being faulty i

P(*|B) = P(ANB)/p(s) .




[conBiTionAL PROB., conT2] ?

Alternarive form @
P(AnB) = P(A|B)P(8)
= P(BIA) P(A) [since ANB=8nA]
R!GW.W,!‘GS the last equation QWCS

gl
P(B]A) = P(A|B) P(B) /p(a) BA::EOREM.

BAMES? TREOREM revevses the roles of A ond B:it’s
comeial (v Agsessing  Wkelinood of & hypobuesis
being true, given fome data . 9.,
A ='tesring petitive for a disease’
B Z 'having the disease’
P(AIB) = probability of positive tut
swit fram perton With the difease

F 1, of tests Sometines give
Wrong teinlits |
But an (ndividual who Wal tefred positive
would be wore (nterethed M P(BJA) : 4he
probability that they octually have the disease,

given their test reguit.

[BAYES THEOREM, ConT2]

EXAMPLE : Foaulty components agalu,
Box confaius t /3 Birmiughawm componeuts =rF(8)
3 wovvington ", = p(w)
P(MB) —> (6% OF Bhama cowponents are fanity
P(A) —> 12% of Al coMponents (m
bex are fanity [fauity="Awful"]
Whet it the probability tuat & dantry -
componeut 1 from B’haw ?
Antwer: P(BlA) = w&)w = 56%
% /3 2%

What's the chance that & faulty ove cavme
from Warmnugton ?

Answer : P(W[k) = |- P(8]4) =
What proporhion of twe Wavriuaton components
ore foulty ?

. = P(AY _ poopy 0012
Antwer : P(A[w) = P(w]4) o = e

[Mcf‘ the "law of Total probobitity" (s ofren
wfeful here . P(X) = P(XAY) 4 P(XAY)

(e o . =Pg(;l‘r)P(Y)+P(x|~?)P¢?)J
Xowaples 1+ to (s

O bt = 447,

= léo/c




