RANDOM WALK IN 1 DIMENSION [RANDOM WALK IN 4D]

The provabiivhy  PUX3ND that the
Walk hes reashed R afker N Sheps
(s [oF course] the Same thing as

MODEL: N Steps of 1 alimg x-axis,
With P(+1)SPt-n)= & .

:"r.;:".':h of k Steps to right and N-fe R Nih) with k3 (ren) s,
PN 3) = (V) 1317 Bitaiy, | From the fack tuas P is Gauitian
. . TRE. _ for large N % follows that P(RIN) (s
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Expectation vaine [obvious by Symmetry): Valid for N>DL and x«N,

x> = L2k=ND>
= 1<k>—N =2x8 -N =0,
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PCloH4F 1 LECTURE 2o




“goING NOWHERE" v 1D

A random watk {n 1D (s certain
return to (¥S Ctarking peint = eve

PROOF relies on the Symmetry of P(x,M)
about X=0 and the fact theb th
probability of remaining in’ the rmgc
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Hence the parﬂm (s urma fo
from any reqion, and 16 it Sharke
from the mideie, the pconwm.,

exihing to fefy or right is /2 LW 3

Symmetry],
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STRATEGY | We Show that #he prob. of
NOT Puturaing to =0 tan be broken
down to & Sequence of (mdependent exi't
evenfs whose prob. tends to 0.

STEP L * The particie s ot xm3 [or =1]
after the £t ravd. Step Away from xso,
On it next step, it either returag 4o xF0
or Mewipe¥ to =2,

After STEP 1, the probability thad (t's
at »=2 s Ya.
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\mprmmmnd
Particle Starts at Cenpee
of this cegion,

The porticke has room to Meve aroune, bur
will evanfually exit fo XS0 or XS4 . The
prob. after STEP 2 that {t has not yer
returaed ¢ Lxd

prob. it /‘ N prob. I+ <xits
Rodn’d returned to vright in STEP2
To 0 apter Shep )
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~
particte sharts at
cenire of this region,

Eventuatiy b exits, cither to x50 or
xE§. The prob. afrer STEP3 that (P
ha$ aot Yot refurned to =0

it Jiu-}_n-}_-

AND S0 oN. After Step N, the prob. thal
that the particke has not retumed to

"0 Wl be (-}_)"-ﬂfo for N=boae,

Hence the probabitity of rerurn fo
the Starting poiut = |~ L, =» 1.

[Aside s & similar repuid hotds for
yondom warks fu 2D,
fhere v no Su el foe 3D the
pm‘nab\‘h‘ﬁ of refum W nea-zern | but
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RANDOM WALI IN 2D

We want to find P(%HY)N), +he \mi

mmt M steps § , the probqbnch o
reaching Y it P(YiM), Siace

ﬂ»q,g wu %‘V‘“"" e vy 1o be
it o random wall of M freps in g]

fimilorly, the prob. of reaching X in
NeM Steps 1S P(X} NeM),
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Rence N
P(xy;N) = ,?Z. PxiN=H) P(yim) P, (N, %)
. 80

[We Sum over the mutually exclusive
possibilties for M.]

LookS Messy, bub Simplibies for N3P L,
becanse B (N, 1) is Sharpiy peaked around
M= N2, with width o {N <N,

PR} N-M)PLY; M) VOries Very |itHe over

this range <My : i, So can treat that

as a [nearly!] consrant factor in the
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EXTENSION To 3D

Can progqress frowm 2D 1o 3D M much the
fome wWay 65 we gof from 4D tp 2D,
The probability that any given Shep

is a the 23 direction is If3, So
prob. that M out of N Steps ore is

it B (N3 Y3), which i3 sharply peaked

around ™M = Nf3. |
Given M Sreps $&, the probalbiity of
reaching  %,9,& (s P(%y;N=-M)P(2;M),
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